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Abstract
This paper presents two passive balancing programs, both written in Mathsoft's Mathcad
8.0 computational environment, for th~ purpdseof improving upon a previous numerical
optimization code written by P. Chambers. The first program incorporates the same non-linear
Simplex algorithm, objective function,and penalty functions from Chamber's FORTRAN program.
The second program' included in this study presents the use of the Minimize optimization function
built into Mathcad 8.0. Bothslider-~nk and four-bar linkages were balanced using both
programs with good resu,lts. A discussion of the use of each optimizer is presented. In addition,
the strengths and weaknesses of the aTgorithms, as well as possible improvements and future
considerations, .are commented upon.
,
,-
Chapter 1
Introduction
"'-
The increasing speed of planar mechanisms has brought about a greater awareness of
the mechanism's overall mass characteristics and its effect on transmitted forces and moments.
More importantly, higher speeds and greater masses result in increased wear and fatigue of
unbalanced mechanisms. Increased vibrations cause a loss of precision and a shortening of a
machine's design life. Thus, more attention has been focused on the are1i6f mechanism
balancing with primary consideration being given to internal mass distribution or the addition of
counterweights.
The objective of this study is to improve upon a passive balancing program created by
Chambers[5] in 1987. His method incorporated an interactive, non-linear Simplex algorithm[14]
for the purpose of defining counterweights to reduce the dynamic reactions of the mechanism on
the ground. The majority Chamber's efforts were directed toward the creation of an objective
function to represent the user's needs and multiple penalty functions to define the solution space
of the optimization.
Two main improvements will be presented in this paper. The first will be the translation of
Chamber's basic algorithm, which was written for a FORTRAN compiler, into Mathsoft's Mathcad
8.0 computational.environment. The main advantage being the addition of a strong mathematical
foundation for increased flexibility of the optimizer. The new balancing program will include the
same objective function and penalty functions, as well as an equivalent non-linear Simplex
algorithm. The second phase is to incorporate Mathcad's new Minimize optimization function in
place of the Simplex minimization algorithm. This function has improved constraint handling and
completely eliminates the need to include penalty functions in the design ofthe objective function.
The work byChambers[5] included an encompassing look at various mechanism
balancing methods in an effort to chose one which fit his needs. Since this paper is an extension
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of his chosen technique into a new programming environment, only some of the more significant
methods will be discussed with an attempt to include details of the more recent works. Readers
. . ,
seeking additional information should refer to Chamber's.paper as well as the work of Lowen,
Tepper,and Berkof[11], on which alarge portion of his review was based.
The following are a number of definitions germane to' this study:
Mechanism: the system of links and joints in motion under investigation.
External forces or torques: forces or torques applied to the mechanism externally.
. External forces or torques may include working forces or torque, the input torque, and the ground
~earing forces.
. .
Working force or torque: the Jorce or torque applied to the output link of the mechanism,
which produces useful work.
Input torqu~: the torque applied to the input crank of the mechanism necessary to
overcome the torques from various sources which include: 1) torque due to the working force and
working torque; 2) torque due to the inertia effect; and 3) frictional torques
Ground bearing force: the force exerted on a moving link from the frame through a
ground bearing.
Shaking Force: the vector sum of the reactions of the external forces.
Shaking Moment: the total moment which includes the effect of external torques and the
moment produced by external forces exerted on the frame by the mechanism with respect to a
particular reference point.
.Torque balancing: minimization of the fluctuation of the input torque.
Shaking moment balancing: minimization of the fluctuations of the shaking moment.
Histo~ically, the initial work in mechanism balancing dealt mainly with full force balancing.
This means the vector sum of forces acting on the frame or base is zero for any constant input
speed at all times. To accomplish a full force balance, the center of mass of the mechanism must
remain stationary through the entire range of mechanism motion.
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The most widely used method of full force balancing of single degree-of-freedom
mechan;isms, called the Method of Linearly Independent Vectors, was reported by Berkof and
Lowen[3] in 1969. They started out by defining the center of mass of the mechanism using the
center of masses of each of the links. By sUbstituting the center of mass definition into the
mechanism loop equation, the time dependent terms can be factored out and subsequently set
equal to zero. By adding appropriate counterweights to satisfy the equations, the center of mass
is made stationary and full force balancing will be achieved.
Tepper and Lowen[18] generalized and extended Berkof and Lowen's work as well as
others. They contrived a balancing criterion called the Contour Theorem which states: "Planar
mechanisms can be fully force balanced by internal mass redistribution if,and only if, from each
link there is a contour to ground by way of revolutes only." Thus they showed that all pinned
linkages can be force balanced as well as mechanisms containing no more than one slider joint
per loop equation. Furthermore, by generalizing the Method of Linearly Independent Vectors,
they were able to prove that full balancing is possible by counterweighting an 'apparent' minimum
of n/2 links of an n-linked mechanism. The minimum was 'apparent' because they found that in
some examples fewer counterweights were necessary but they were of negative mass.
Determining the conditions for a full force balance was simplified by Walker and
Oldham[22] by writing the conditions from the loop equations, rather then extracting them from.
the kinematic equations. Also, by using the loop equations to define the center of mass of one
link as a linear function of the kinematics of the other links, they proved analytically that full force
balancing is possible for all mechanisms satisfying the Contour Theorem with less than n
counterweights. Expanding on their earlier work, Walker and Oldham[23,24] proved that n/2 was
the 'apparent' minimum number of necessary counterweights and devised a procedure and
I .'
formula to determine which links should be counterweighted for multi-degree-of-freedom
mechanisms. Their method was later termed the Complex Mass Method by Lowen et al[9].
Utilizing th.e Method of Linearly Independent Vectors, Balasubramanian and Bagci[2]
presented specific examples for the full force balancing of commonly used Stephenson's and
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Watt's 6R 6-bar mechanisms and 6-bar slider mechanisms. This paper also addresses Baci's
earlier work[1] which dealt with planar linkages which cannot be fully balanced due to multiple
prismatic pairs. These mechanisms exhibit "force transmission irregularities" which he overcame
by the use of balancing idler loops.
In more recent studies, improved methods have been developed which follow the logic of
previous papers but are easier to use and can be implemented with a more varied array of
mechanisms. Kochev[6,7] illustrates some shortcomings of past procedures and discusses the
advantages of his "coordinate" method. Specifically, he has been able to eliminate as many as .
1/3 of the sufficient balancing conditions found in other papers. Also, he sticks strictly to an XYZ
Cartesian coordinate system to eliminate extra coordinates for mass centers associated with
other methods. The coordinate method can be applied for all mechanisms with any number of
loops and any kind of lower kinematic pairs. The equations can be applied for most cases even if
the Contour Theorem from [18] is violated.
Yao and Smith[25] looked at the advantages and disadvantages of both the Method of
Linearly Independent Vectors and Complex Mass Method 'to formulate a new force balancing
method. They called their method the Improved Complex Mass Method which overcomes the
deficiencies of the original method by Walker and Oldham[22-24]. Balancing is achieved by
looking at the mass flow within a mechanism. Starting atthe top of the linkage, masses and
complex masses are replaced by equivalent complex masses at each attached revolute joint.
This continues downward until the ground is reached and a fixed center for the mechanism is
determined. Situations where mass is transferred into two joints is termed Type II mass flow.
Mass flow into one joint (e.g. the input crank of a 4-bar linkage) iscalled Type I. General rules
are given to help calculate the mass flow and formulate the balancing equations. Slider joints are
not presented but the authors state that they are simple to incorporate.
While full force balancing is effective at eliminating the shaking forces on the ground, the
addition of mass to the system generally increases significantly the shaking moment transferred.
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to the ground as well as the required input torque to drive the mechanism. Thus, it is generally
preferable to incorporate some sort of moment balancing with a full or partial force balance.
Lowen and Berkof[19] established a technique for determining the effects of force
balancingon the shaking moment with the Theory of Isomomental Ellipses. This theory states
that the shaking moment of a given mechanism is a constant with respect to all points along
certain concentric and. proportional ellipses. Furthermore, the shaking moment decreases with
small ellipses until the center is reached at which point the minimum RMS shaking moment is
located. Once this minimum is found, the moment of any arbitrary point on the mechanism can
be found. The theorem is also a powerful tool which can determine effects of force balancing on
the shaking moment. Specifically, if the RMS shaking moment after full force balancing is smaller
than, or equal to, that of the unbalanced mechanism with respect to its point of minimum RMS
shaking moment, then force balancing will be shown to lower the RMS shaking moment with
respect to all points in the mechanism plane. When the minimum RMS value for the balanced
mechanism is greater then that of the unbalanced, the range of motion in which the moment is
lower can be determined. With this tool, the designer can determine whether it is necessary to
take further steps to reduce the shaking moment after force balancing.
In situations where it is necessary to reduce the shaking moment after force balancing
has been achieved, Lowen and Berkof[4,9] formulated a method of moment balancing four-bar
linkages with the use of the dimensionless RMS shaking moment. The basic principle was to
determine optimum moment coefficient ratios, which they found were dependent on link length
and mass distribution ratios. An example of finding the optimum moment balance consists of
fixing certain parameters such as the link length ratios of a:Jal and a2/al and using the authors'
.charts to choose the optimum coupler center of mass and a4/al ratio, where al, a2, a3, and a4
represent the length of the crank, coupler, output, and ground link respectively. The author's
found that many configurations can only have a theoretical optimum because of realistically
unattainable link lengths and masses. A generalization was made, however, that mechanisms
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with the best shaking moment characteristics have a small coupler link length, a large ground link
length, and a coupler center of mass located close to the crankpin.
The previous authors, Lowen and Berkoff, with the help of Tepper, expand their previous
work by presenting numerous data tables of their dimensionless quantities to assist in the
optimum balancing of shaking force and shaking moments for certain four-bar mechanisms[1 0].
Included in this work's appendix is the method for deriving the tables for specific geometries not
covered.
It can be seen from the above cited works that the complexity and sheer number of
calculations required for shaking force and shaking moment balancing makes these methods
somewhat restrictive. For example, the method used in [10] would require the calculation of all
the dimensionless parameters in order to create all the necessary charts to balance the
mechanism, and varying any of the parameters necessitates recalculating numerous charts.
Thus, there has been a trend in the direction of computer driven numerical optimization
techniques to assist in the balancing of linkages. In general, this approach gives the users the
ability to select and limit all or some of the required maximum reactions and let the computer
determine the "besf' set of counterweights to accomplish this task.
Tricamo and Lowen[21] used a non-linear optimization algorithm to simultaneously
minimize the bearing forces, input moment, and shaking moment while maintaining a constant
maximum shaking force selected by the user. The algorithm incorporated an objective function
composed of all the shaking forces and moments to be minimized. The optimization is subject to
multiple inequality constraints as well as a single equality constraint. The inequalities are
weighted functions which minimize the differences between the reactions of the counterweighted
and uncounterweighted mechanisms. Using an equipollent circle constraint previously formulated
by the authors in [20], the equality constraint holds the maximum shaking force to a prescribed
value. All constraints can be formulated for multiple positions of the mechanism.
In the paper presented by Lee and Cheng[8], a number of methods were discussed and
compared to their nonlinear.objective approach. Their optimization criterion consisted of an
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objective function containing weighted reaction terms integrated over the full motion of the
mechanism su~ject to geometric constraints on the counterweights and dynamic constraints on
the maximum forces and torques on the mechanism. The authors found that the numerical
optimization significantly reduced the reactions and surpassed the effectiveness of all previous
methods discussed. Furthermore, the flexibility of the program to changing constraints and
various weighting factors make it the most effective method available. For example, they were
able to do a full force balance merely by setting the moment and input torque weighting factors to
zero and rerunning the code. Doing this with other methods would require the recalculation of
numerous algebraic equations or even possibly using an entirely different method.
Rao and Kaplan[16] detailed the use of four multiobjective optimization techniques for
mechanisms balancing. The various methods were initially introduced by Rao[17]. The first
technique, called the goal programming method, has the user input goals that he or she wishes to
obtain and then finds the optimum solution as the one which minimizes the deviations from the
goals. The goal attainment method requires the user to set goals as well as weighting values for
each objective function. The weighting values set determine the importance of the objectives; Le.
a high value equates to a more important objective. The boundeq objective function method
optimizes by incorporating minimum and maximum limits on the objective function. Finally, the
lexicographical method orders the objective functions from most to least importance and attempts
to optimize them in that order. The authors then balance a four-bar mechanism using each
method as well as the method of Tricamo and Lowen[21]. Results show that each meth~d was
effective in balancing the linkage with some being only slightly better than the others. Comparing
the flexibility and freedom of each method should be the deciding factor of which technique to
implement.
A paper presented by Qi and Pennestri[15] used a standard algorithm and objective
function but attempted to reduce fluctuations of the input torque of a four-bar mechanism by the
additions of extra constraints. Their results show that the 'ilddition ofthese constraints nearly
doubled processing time. Also addressed were two equivalent methods of simplifying the 9 x 9
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system of joint reaction equations in an effort to reduce the total processing time. The first
method uses virtual work with Newton's equilibri!Jm equations to determine the input torque. The
coupler reactions can then be found by solving a 4 x 4 system of equations followed by using
,
Newton's equilibrium equations to find the ground joinfreactions.· The second method utilizes a
purely Newtonian approach with the help of coordinate transformations to reduce the 9x 9
system of equilibrium equations.
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Chapter 2
Balancing Program
P. M. Chamber's mechanism balancing program[5] was written to satisfy the following
goals:
1. It should be able to work with a wide variety of linkages and mechanisms.
2. It must not require an undo understanding of the analytical and kinematic aspects of
a machine in order to be used, i.e. it must be usable by the average engineer after
some limited training.
3. It must allow the user flexibility in terms of achieving the effects he or she desires.
In keeping with these goals, the objective of this investigation is to implement the same
Simplex algorithm used by Chambers into the Mathcad environment. Additionally, a second
optimizer will be introduced using Mathcad's built-in Minimize function. Comparisons will be
made between the two in an effort to improve upon the overall flexibility and ease of use of the
balancing program.
The use of the Mathcad environment offers a number of advantages over conventional
programming languages. One is its worksheet-oriented format. All assignment statements and
calculations are entered into separate 'areas' of a worksheet. The areas can·be opened or
closed as needed with a click of the mouse. For instance, when debugging, the designer can
expand areas containing the supporting calculations. When running the optimizer, these
calculations can be hidden so that only the optimization results are shown.
A second advantage is the strong mathematical foundation of Mathcad. With this
package, the user can choose to implement the built-in numerical and symbolic solvers to assist
in the calculations and output the results directly to the optimizer. In addition, all formulas and
functions are clearly displayed using a standardized mathematical format. Thus, the optimizer
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has the ability to encompass multiple phases of the mechanism analysis with little or no external
dependency on additional algorithms other than the designer's own considerations.
Another major benefit of a Mathcad-based optimizer is its data handling capabilities.
Graphs are easily created, incorporating single or multiple variables. The user can change graph
types, sizes, and various styling options. In addition, there is the ability to zoom-in and trace
function values of plots. Mathcad also includes dynamic links to various software packages. For
example, data can be transferred to and from a small Microsoft® Excel spreadsheet within
Mathcad so that the data can be formatted and manipulated using all of Excel's features.
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The first initialization step is to input all mass and geometric properties for each of the
links, Le. mass, leng,th, location of center of mass, and moment of inertia about the link's center.
Input motion must also be set, e.g. the crank angular velocity. The present optimizer setup only
allows constants for angular velocities or accelerations.
The kinematic data should be entered next. These include the linear orangular positions
of the links, velocities, and accelerations resulting from the input motion. These values should be
formatted into separate arrays, each array encompassing the range of motion to be analyzed at
the incremented resolution required. Alternatively, Mathcad's numerical solve blocks can be
implemented to solve the set of nxn systems resulting from the analytical loop equations and the
subsequent time derivatives of these loop equations. See Appendix A for an example.
Next, the equations required for the kineostatic analysis should be entered. For
optimization, all force and moment equations to be minimized must be in the form of a function of
the counterweighted variables. For example, an x-directional force function could be defined as
Fx(mc,pc,lc,~c), where each of the arguments represent arrays of each of the link's
counterweight masses, length offsets of counterweight mass centers, moments of inertias, and
angle offset of the center of masses respectively. The user, is free to use separate function calls
within each main function. These and all previous calculations can be completed within Mathcad
or resolved externally.
With the mechanism parameters defined in the worksheet, the user can begin to guide
the balancing optimization to fit his or her needs: Firstly, the designer must determine the
physical limitations that bound the solution search area. Limitations could include clearances
within the mechanism as well as with surrounding structures. With these in mind, the designer is
required to set constraints on geometric and mass properties for each counterweight.
Geometrical bounds are set using a polar coordinate system (radius and offset angle) to locate
the extremas for the center of masses. The shapes of the counterweights can be constrained by
bounding the mass moment of inertias. Masses of the individual counterweights can also be
limited.
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Elimination of a counterweight is possible by equating all the properties of the selected
member to zero. This may be necessary when geometric constraints prohibit any addition of
mass to a link or when it has been previously shown that the addition of mass to a particular link
only increases the resulting forces or torques; While it can be assumed in the second case that
the optimizer will automatically determine that a particular counterweight is not necessary, having
the user eliminate the possibility will save processor time.
Also required is an initial guess for each of the counterweight characteristics. These are
used by the optimizer as a starting point from which the minimization will begin. The designer
has the choice of manually entering a value or using Mathcad's random number generator
function to choose a value within the prescribed limits.
Desired maximumvalues must be entered for each of the dynamic properties to be
optimized. These should be somewhat conservative if the characteristics of the mechanism are
not well understood. The optimizer will not converge if unobtainable goals are set.
The final step in preparing an optimization run is to construct the objective function. This
is the most critical phase of the setup as the objective function controls which dynamic properties
of the mechanism are minimized and to what degree. A great deal of thought should go.into this
step as failure to correctly analyze the mechanism's requirements or to ineffectively convey these
requirements into the objective function will result in failure to achieve an optimal solution.
The main objective function, I, is of the following format:
1= r i>i(.!LJ2 de' ,
!yc1e . V.
1=1 1
where
.• Pi isthe i1h physical dynamic property to be minimized by the optimizer. This term
must be in the formora-function (e.g. a x-directional force could be Fx(mc,rc,lc,bc))
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• VI is the maximum value of the i-th physical term over the input cycle of the
uncounterweighted mechanism
• ¥I is the ith weighting coefficient. This value ranks the importance of the ith physical
property with a higher value corresponding to higher importance in the minimization.
• n is the number of physical properties that are to be minimized by the optimizer.
• cycle refers to the entire range of motion of the mechanism.
First to be entered into the objective function is the limits of the integration. The limits
must define the mechanism range of motion to be optimized. Generally, the terms inside the
integral consist of an array representing the weighted values of the objective function at each time
step as defined in the kinematic analysis. Therefore, a summation of the terms in the array is
assumed to be interchangeable with the integral. The smaller the step size of the incrementation
over the range of the mechanism the more exact this approximation becomes.
The final important step in forming the objective function is to determine the weighting
coefficients. These coefficients are used to rate the importance of each quantity to be minimized.
Values for these coefficients can be any number, with a high value meaning very high importance
while a value of 0 eliminates the term entirely from the optimization process. Therefore, these
weighting factors are the most powerful part of the optimizer. With their use, the operator has
almost limitless possibilities for balancing the mechanism. Setting all factors to 1 will give the
user a compromise between all moments and forces acting on the ground. Alternatively, setting
the moment terms to zero will result in the optimizer attempting to accomplish a full force balance.
Optimizer
Minimization of the objective function requires the employment of some mathematical
strategy to successfully carry out the optimization. Two such strategies are considered in this
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investigation. These are the non-linear Simplex method and Mathcad's callable operation
Minimize. The description of each of these strategies follows.
Non-Linear Simplex Method
The non-linear Simplex method, also know as the Amoeba method in Numerical
Recipes[14, p.403], and objective function defined below w.ere used in Chamber's balancing
program and will be considered here also. This method requires that all constraints on the
system be contained within the objective function. Consequently, the previously discussed
integral is a single term contained within a larger objective function of the form:
E=I+D+F
The terms D and F, deemed penalty functions, house the user imposed bounds arid limit the
acceptable solution space in which the objective function can progress. The penalty function for
the counterweight parameters, D, is
m
D = I(G(x-1J+G(u; -x)) ,
;=1
and the penalty function for the maximum prescribed limits on dynamic properties is
I
F = IG(F; -D;} ,
;=1
where
Hxq if q <~E
G(q) = R if Iql ~E-q
0 if q>E
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and
• m is the number of variables
.
• G is the penalty value incurred when the optimizer violates a boundary by an amount
q
• Uj is the upper bound on the ith variable
• his the lower bound on the ith variable
• x is the current value of the ith variable
• H is a large number (e.q. 1010)
• R is the user prescribed sharpness factor
• I> is a small number (e.g. 10.1°)
• I is the number of dynamic properties to be minimized
• Fj is the ith dynamic property
• OJ is the prescribed limit of the ith dynamic property
These functions are basically self contained with the exception of the sharpness factor R.
In effect, it defines the 'push' of the boundaries on the objective function. A high sharpness factor
will simulate a wall, thereby stopping the optimizer well within the boundary. This may be
necessary for the strict adherence of bounds but may stop the optimizer short of successful
results; Reducing this value will provide the optimizer more freedom to operate close to the
boundaries.
Setting a value for the sharpness factor is basically atrial and error process since
situations vary based on designer requirements and objective function properties.
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Minimize Method
The Minimize function is a feature of Mathcad8.0 incorporated into the solve blocks
facility. Unlike the Simplex method, penalty functions are formed internally from constraints
entered by the user. Variable Boolean constraint statements of the form
should be entered as
or separated into two separate constraints. Likewise, constraints on dynamic properties should
appear as
Constraints may be entered in any order provided they fall within the program code
bounds of the solve block. Equality constraints are also permitted. An example of a solve block
with the Minimize command can be found in Appendix A.
Somewhat paralleling the Simplex method's sharpness factor for controlling boundary
enforcement is the CTOL parameter. CTOL controls how closely a constraint must be met in
order for a solution to be acceptable. For example, setting CTOL to ,01 will change an upper
bound of 2.0 to a value of 2.01, thereby permitting the optimizer to search just outside of the
original boundary, if necessary, for convergence. Lower values of CTOL result in higher precision
but may increase processor time. The default value is 0.001 and may be changed with an
assignment statement in the worksheet or by using the math options menu.
17
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may be changed using an assignment statementor by using the math options menu. Again, as
with CTOL, higher values may reduce processor time w'hile sacrificing precision.
Specifically with the Simplex method, a solution near a boundary may be unreachable if
the sharpness factor is too large. Incrementally lowering this value may 'open up' an area near a
boundary where a solution may exist.
If none of the previous options result in a converged solution, then it must be assumed
that the desired solution is not possible with the prescribed constraints. The only option is to
expand the optimizer search arE~a. This is best accomplished by systematically raising the
maximum prescribed dynamic property limits until a convergence occurs. With a converged
solution, the user can then chose how to proceed by closely examining the results to gain some
insight into the characteristics of the mechanism. For instance, one or more variables located at
a boundary can signify the possible location of an optimal solution. Adjusting the bounds
accordingly may yield the sought results.
19
Chapter 3
Examples
3.1: Slider-Crank
The slider-crank is the first mechanism to be examined. This device, serving as the
mechanism for the internal combustion engine as well as similar machinery applications,
represents a typical application of the balancing algorithm. Additionally, because of its simple
kinematics, the shaking forces and shaking moment calculations can be easily reduced into a
form for direct input into Mathcad[13,p. 530-537]. A schematic of this mechanism can be found in
figure 3.1
Following figure 3.1, the X- and V-direction shaking forces and shaking moment,M, are
defined as:
Fx =-RAX
Fy =-RAy-N
M=-s*N-T
resulting in an integral objective function of the form
where
• Fx and Fy are the X- and Y-directional shaking forces
• M is the shaking moment
• Vx, Vy, and VM are the maximum X- and Y-directional shaking forces and shaking
moment of the uncounterweighted mechanism
• N is the normal reaction of the piston on the ground
20
• T is the input torque
• s is the time varying distance from the crank joint (A) to the slider joint (C)
• 11, 12, and 13 are the weighting factors
• 8 is the crank angle.
For this example, the crank is used as the input with a constant rotational speed of 60.0 radians
per second. The remaining data for this example may be found summarized in Appendix B.
To illustrate optimization possibilities, several design balancing criteria were investigated
and their corresponding counterweight sets calculated. The resulting plots of Fx, Fy, and Mare
located in figures 3.2, 3.3, and 3.4 respectively. The first set was obtained using the Simplex
optimizer. The second two, labeled Min. 1 and Min. 2, are from the Minimize optimizer.
For all cases for the slider-crank, the center of masses of both the mechanism and
counterweights are restricted to be along the centerlines of the links. Thus, the offset angle is
removed and only the mass, distance to center of mass, and mass moments of inertia are
employed in the optimization.
Extremely liberal bounds were imposed on the counterweight properties to allow free
movement of the minimization process. Weighting factors were adjusted only in an effort to
demonstrate the full capabilities of the optimizers. Properties of the counterweight sets and the
original mechanismcan be found in Appendix B.
In addition to the optimized counterweight sets, a textbook balancing method was
evaluated to determine the corresponding shaking force and shaking moment for use as a
comparison[13,p.534-537]. This will be referred to as a 'classical' solution. The shaking forces
were minimized with the addition of a crank cpunterweight based on Paul's [13] recommended
best compromise for the simultaneous reduction of both Fx and Fy• The shaking moment was
redlJced by adding a tip mass to the connecting rod. The effectiveness of each counterweight set
will be gauged on a percentreduction of the RMS values of the shaking forces and shaking
moment from the uncounterweighted mechanism.
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Table 3.1 Percent Change in RMS Values and Corresponding Weighting Factors
Fx
Fy
M
YI
Y2
Y3
Classical Simplex
3.39% -45.78%
-44.15% -0.63%
-99.90% -89.25%
1
1
1
.Min. #1 Min. #2
-55.78% -30.12%
41.32% -82.00%
-86.88% -87.68%
1 1
1 5
1 1
As can be seen by the values tabulated in table 3.1, along with the weighting factors
corresponding to the run, the classical solution decreased the shaking moment by nearly 100%.
This was the biggest improvement of all the sets. Fywas reduced by 44% with a corresponding
increase in Fx of less than 4%.
The Simplex solution also had a significant reduction of 89% in the shaking moment; only
a 10% difference from the classical. The decrease in Fx was 45%. Fy, though, only decreased by
less than 1%. All weighting values were left at 1 for this run.
The first Minimize run yielded a decrease in both Fx and M of 55% and 86% respectively.
Just as in the Simplex run, Fywas increased, by 41 %. In comparison to the Simplex run,
giving up approximately 42% of the RMS in Fyand 3% in M yielded an improvement of only 10%
in Fx. Fx was decreased by 58% from the Classical, but Fyand M increased by 85% and 5%
respectively. All weighting values were again left at 1.
The second Minimize run is probably the best solution of the group as it represents a
significant reduction in all dynamic properties. Because the previous optimizer runs had resulted
in poor reductions in the V-direction shaking force, the weighting coefficient on Fy was changed
to a value. of 5; while other values remained at 1. Mwas reduced by 87%. Both Fx and Fyare
also decreased by 30% and 82% respectively. In comparison to the first Minimize run, there is an
1% decrease in M and an 123% decrease in Fytraded off for a 25% increase in Fx. The shaking
moment was 2% higher then that of the Simplex value. Fywas decreased by a remarkable 82%
22
with a 15% increase in Fx• The shaking moment was increased by almost 13% from the Classical
solution, but shaking forces were both reduced by 33% and 38% for Fx and Fy respectively.
From these runs, the variety of possible solutions can be seen. Again, except for the
adjusted weighting coefficient on the second Minimize run, all constraints were left at generic
values so the path of the optimization was not influenced by these values.
23
r,~
---------S--------~I
•x
~N
Figure 3.1: Slider-Crank Linkage
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Figure 3.3: Y-Shaking Force for Slider-Crank
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3.2: Fourbar
The second balancing example is the fourbar mechanism. The mechanism considered is
a class I Grashof linkage of the crank and rocker type. A schematic appears in Figure 3.5. This
is a slightly more complex linkage then the slider crank in that there are now two rotating links
attached to the ground in addition to the coupler, all which may require counterweights.
Equations for the shaking forces, shaking moment, and input torque were determined by
simplifying the 9x9 system of Newtonian equations. The 9x9 system includes reaction forces for
all four joints in the linkage. By simplification, the non-ground joints can be solved in terms of the
two ground joints, thus, eliminating 4 terms and reducing system to one of 5X5 containing the
ground forces and input torque. No external forces were considered in this example. Solving this
system symbolically resulted in the equations formatted for direct input into Mathcad.
The X- and V-direction shaking forces and shaking moment, M, are defined from figure
3.5 as:
Fx =-RAX -RDX
Fy =-RAy -RDy
M=-AD*RDy
resulting in a integral objective function of the form
where
• Fx and Fy are the X- and Y-directional shaking forces
• M is the shaking moment
• T is the inp'ut torque
28
• Vx, Vy, VM, and Vr are the maximum X- and Y-directional shaking forces, shaking
moment, and input torque of the uncounterweighted mechanism
• AD is the distance from the crank joint (A) to the output joint (D)
• Y1. ¥2, ¥3, and ¥4 are the weighting factors
• e is the crank angle
The crankwill be the input with a constant rotational speed of 150.0 radians per second. The
remaining data for this example may be found summarized in Appendix B.
For comparison, the full force or static balancing method for fourbar linkages was
determined for the given mechanism; see Norton[12,p580-583] for details. This method involves
the addition of counterweights to the crank and output links respectively. The calculations consist
of determining the necessary mass and radius to center of mass product for making the global
mass center of the linkage stationary for all positions of the device. This method has no formal
treatment for reducing the input torque. Norton[12] advises that the reduction of the shaking
moment be made by a trial and error process of adjusting the mp products. For this example, the
calculated mp products were left unadjusted to display the effects of a full force balance. In the
discussions that follow, the full force balancing solution will be referred to as the classical result.
Plots of the dynamic properties involved in the optimization process can be seen in
figures 3.6 through 3.9. The plots contain curves for theuncounterweighted mechanism, the
classical solution, one Simplex run, and two Minimize runs. The corresponding counterweight
properties for each of the sets are reported Appendix B.
As with the slider example, comparisons between the various counterweight runs will be
based on the percent change in the RMS of the dynamic properties. These values are listed in
table 3.2 along with the corresponding weighting factors for the optimization runs.
As can be seen by the values reported in table 3.2, the classical solution accomplished
essentially a full force balance with X- and Y-directional reaction forces reduced by 97% and 99%
respectively. Ideally, this solution should have yielded a 100% reduction, but the difference is
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attributed to numerical round-off error from the long kineostatic analysis equations. This error is
assumed negligible. Nevertheless, this is the best force reduction of all the sets but the
improvement is achieved at the price of sharp increases of 273% in torque and 646% in the
shaking moment. This illustrates the shortcomings of a full force balance and the corresponding
need for a compromise when passive balancing a fourbar linkage.
Table 3.2 Percent Change in RMS Values, Corresponding Weighting Factors,
and mp Products
Classical Simplex Min. #1 Min. #2
Fx -96.62% -18.26% -30.36% -70.03%
Fy -98.84% -18.48% 3.32% -72.16%
M 646.09% 30.82% -32.32% 59.49%
T 272.86% -3.62% 2.15% -52.28%
11 1 1 1
~ 1 1 1 .
13 1 5 1
~ 115
mD Prod
Link1
Link3
0.00963 0.002 0.00903 0.5394
0.42 0.0264 0.026 0.01782
With the weighting factor set at one, the Simplex optimizer set produced an 18%
reduction in both Fx and Fy• The input torque was decreased by almost 4%, but the shaking
moment increased by nearly 31 %. In comparison to the classical solution, the X- and Y-
directional shaking forces increased by 78% and 80%. The shaking moment was reduced by
615% and torque dropped by 286%.
The first Minimize run, with its corresponding changes in the weighting factors, yielded a
decrease of 30% in Fx and an increase of 3.32 % in Fy• The shaking moment was reduced by
32%. This was the only counterweight set that offered a reduction of the shaking moment and
reflected the corresponding supposed increase in importance by setting the value of 5 for the-
weighting factor. Torque showed a small increase of only 2.15%. Fx was improved by 12% but
Fy increased by 22% from the Simplex run. The shaking moment decreased by 63%, while the
torque increased 6%. In comparison to the classical solution, both the shaking moment and input
30
torque were both greatly improved while the shaking forces were increased by 66% and 102% for
Fx and Fy respectively.
The second Minimize run significantly reduced Fx, Fy, and T by 70%, 72%, and 52%
respectively. The weighting factor for torque was set to 5 for this run resulting in the only set to
reduce the input torque. This solution can best be compared to the classical solution since an
increase of 27% for both Fx and Fy yielded a significant reduction in the shaking moment and
input torque of 587% and 325%.
Unlike the slider results, the kinematics of the fourbar seems to prohibit the simultaneous
passive balancing of all dynamic properties. In Chamber's[5] dealing with this geometry, he
found that he was unable to find a solution which reduced both shaking moment and input torque,
This observation holds true here also as neither the Simplex nor the Minimize optimizers were
able to accomplish this task. As a result, a 'best compromise' solution cannot be jUdged because
it is entirely dependent on the user's needs.
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Figure 3.5: Fourbar Linkage
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Figure 3-6: X-Shaking Force for Fourbar
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Figure 3-7: V-Shaking Force for Fourbar
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Chapter 4
Discussion and Conclusions
The effectiveness and versatility of the optimizers can be seen in the previous examples.
However, there are a number of issues that should be discussed regarding the use of the two
methods, the differences between them, and how they compare to the previous investigation[5]
that used optimization as a means to achieve passive balancing of planar machinery. In addition,
there are possible improvements and future considerations to be addressed.
By far, the more difficult method to invoke a passive balancing algorithm is the non-linear
Simplex. This is due to the somewhat simple penalty function adapted from Chamber's work[5].
A brief discussion of the previous optimizer will help explain this fact. For example, Chamber's
optimizer was coded as a FORTRAN interactive program that offered the user the ability to
monitor the progress of the minimization. Initialization parameters were set, along with a number
of iterations, for the program to pr~ceed. At the completion of the inputted steps, the program
prints graphs of the optimizer progress indicating changes in the parameters that the designer
wishes to improve. The user then may adjust any of the initialization parameters and restart the
optimization from the point it had stopped. This feature was especially important when the
objective function reached a boundary. Initially, the sharpness factor could be set low to allow the
minimization to move freely within the solution space. If the optimizer began approaching a
boundary, the user could raise the s~arpness factor to keep the solution from proceeding outside
a specified limit.
The Simplex algorithm used in this investigation's Mathcad optimizer utilizes the
Numerical Recipes algorithms[14,pA03]. This is available as an add-on to the Mathcad
environment and was used in this form since it is easily incorporated into the optimizer as an
external function call. Unfortunately, due to Mathcad's inherent program structure, once the
Simplex algorithm has been called, it returns with either a convergence or an error message
37
indicating a failure to find a solution. Thus, monitoring of the minimization is not possible without
modification of th~ Simplex source code to include a loop structure for iteration control. The other
alternative would be to rewrite the code in a Mathcad worksheet. Both of these options were
rejected as unnecessary since it became apparent that favorable results could be achieved
without user interaction.
With the removal of external control, the user loses the ability to tweak variables 'on the
fly' and, therefore, the initial settings must be correct to achieve the desired results.
Unfortunately, there are no hard and fast rules for setting these values and the process turns out
to be one of trial and error. Take, for example, the sharpness factor. Setting this value too low
can give results outside the specified solution space. This commonly results in the program
determining that ne~ative masses be assigned to the counterweights. Alternatively, setting the
sharpness factor too high can stall the optimizer and yield poor results. A compromise between
the two is therefore reqUired.
With the removal of human interaction during the minimization process, the optimization
must now be gUided internally to account for the loss of external supervision. Thus, to improve
the Simplex method, a more complex penalty function should be introduced. Optimization
parameters should become functions, rather than variables, that will vary based on the location of
the optimizer in the solution space. For example, the sharpness factor should automatically
increase if the optimizer attempts to cross a boundary.
There should also be provisions for adjusting factors in proportion to the parameters that
they are controlling. An example is the penalty function parameter epsilon c. The value of
epsilon directly controls the theoretical thickness of the boundaries. A low value for epsilon
allows the minimization to proceed close to a boundary before the penalty function limits
progress. A larger value will limit the objective function sooner. The present use of epsilon as a
II
constant creates proportionally thicker boundaries for lower order of magnitude values, such as
the moments of inertias, and thinner boundaries for higher orders, such as masses. The overall
result is a penalty function whose restriction varies solely on the magnitudes of the parameters,
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and pasting and does simplify the process to some extent, although, reformatting is still required.
External solvers are a less desirable option since they generally will not cut and paste directly into
Mathcad. One proposed method for improving the kineostatic analysis would be to enter the
equilibrium equations into Mathcad's solve blocks in such a way that the optimizer will numerically
solve the system at every iteration. This would eliminate the need for a symbolic solver and
reduce the setup time of the optimizer for new geometries. Incorporation of the numerical solver
was attempted but a number of difficulties were encountered. It is feasible that the difficulties can
be overcome or that future versions the Mathcad will have extended capabilities that will facilitate
the operation. In addition, with a numerical solver in place, some basic time studies should be
conducted to determine if any significant changes in the optimization run time results.
In conclusion, an overview of the optimization results should be discussed. To better
interpret the results, the users should understand exactly what the optimizer is accomplishing.
Essentially, the objective function is converting the physical dynamic properties of a mechanism
into a multi-variable function. This function can be conceived as a curve in space containing
multiple minimum and maximum points. The role ofthe optimizer is to seek out minimums
located within the user enforced bounds..Determining whether the optimizer has converged to a
local or global minimum is a difficult task since there may be innumerable local minimums within a
solution-space that would need to be investigated. In addition, assuming global minimums can
be determined, their corresponding solutions may not reflect the user's needs. The tradeoffs
displayed in the two examples illustrate the fact that it is quit possible to have a minimum which
actually increases the dynamic property or properties that the user is trying to reduce. Therefore,
the appropriate questions that should be asked of the optimizer are 'Does it successfully reduce
the dynamic properties it was designed to minimize?' and 'Do the corresponding results represent
the needs of the user?' Looking at the examples, the answer is yes. The shaking forces were
reduced by as much as 92%, shaking moments by a maximum of 89%, and the fourbar input
torque diminished by 52% for Minimize set #1. In addition, a comparison of the weighting factors
with the results reveals a direct relationship. For example, the first Minimize set of the fourbar
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example had an input torque weighting function five times that of the other dynamic properties
and was the only set with a reduction in torque.
The effectiveness ofthe Simplex optimizer versus the Minimize Optimizer in terms of
actual results is a difficult comparison. Both methods provide comparatively good results, taking
into account the tradeoffs between the dynamic properties. Both methods are optimizing the
same basic objective function and kineostatic analys'es, so they should both be able to determine
the same minimum points. The majordifference is usage. Given the mathematical structure of
the objective function for the Simplex optimizer. valid solutions may only be achieved every one
out of three or four runs of the optimizer. Thus, the user is constantly adjusting variables in a two-
fold effort to achieve results that not only fall within the solution-space but also reflect his or her
needs. The Minimize optimizer, on the other hand, is 100% efficient in returning solutions within
the solution-space. provided the user has not over-constrained the boundaries. Thus, it becomes
obvious that the better choice would be the Minimize optimizer
A recommendation based on the finding here, is to continue work on improving the
Minimize optimizer and extend its use into other linkage geometries and configurations. The
Simplex method, while somewhat effective, seems out of date in comparison. The amount of
work necessary to the adequately improve the Simplex optimizer is probably not worth the effort.
In addition, Mathcad 8.0, used in this investigation, represents the first release to include the
Minimize algorithm. It can be assumed that future versions of Mathcad will include improvements
and expansions to the solve block and Minimize algorithm which will assist in the development of
the optimizer.
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Appendix A:
Solve Block Examples
Figure A-1: Solve Block with Find Function Call
Input Angle Defintion
i:= 1.. 37
S. := .00005+ 1O·(i - 1) ·deg
I
Initial Guess of Unknown Variables
y :=30·deg $ :=60·deg
Solve Block
Given·
T!'COS(S) +T2'COS( y )+ T3'cOS($)=T4
T!'sin(S)+T2'sin(y )=T3,sin($)
Function Call to Find Algorithm
f(S) :=Find(y ,$ ) y, ~ = Unknown Angles
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Fourbar
Loop Equations
Figure A-2: Solve Block with Minimize Function Call
Initial Guesses Using Randon Number Generators .
j := 1.. 3
mCj :=md(mupper. - mlower.) +mlower.
J J J
PCj :=rnd(p upper. - Plower.) + Plower.J . J J
Solve Block
Given
ICj := rnd (I upper. - I lower.) + I lower.J J J
PCj :~rnd(~ upper. - ~ lower.) + ~ lower.J J J
mCI~m upper I ms~mupperz
mCI~mlower mcz~mlowerI Z
PCI ~P upper I PCz~P upperz
pCI~P lower pCz~P lower
1 z
ICI~I upper I Iez~I upperz
ICI~I lower Iez~1 lowerI Z
~cI~~ upper
l ~ Cz~~ upperz
~cI~~ lower ~cz~~ lowerI z
mC3~mupper3
mC3~mlower
3
PC3~P upper3
pC3~P lower
3
IC3~I upper3
IC3~1 lower
3
~C3~~ upper3
Counterweight
Property
Bounds
maxRx<mc, pc, Ic, ~c)~Fxmax
max1{mc,pc,Ie,~c)~T max
Function Call
to Minimize Algorithm
maxI)r( mc, pc, Ic, ~c)~Fy max
maxNX mc, pc, Ie, ~ c)~M max
Dynamic
Property
Limits
A =Objective Function
mc,pc,lc,~ c =Counterweight Property Matrices
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Link
AB
BC
CD
Appendix B:
Slider-Crank Data
Table B-1: Mechanism Data
Mass Radial Offset AngularOffset MOl
(kg) (m) (deg) (kg m2)
0.3 0.03 0 0.0002
0.46 0.05 0 0.0009
1.11 0 0 0
Link Length
(m)
0.05
0.125
o
Table B-2: Counterweight Data
Mass Radial Offset Angular Offset MOl
Link (kg) (m) (deg) (kg m2)
Classical
AB 1.103 0.03 180 0
BC 0.611 0.135 0 1.00E-06
CD 0 0 0 0
Simplex
AB 0.187 0.27 . 180 0
BC 0.088 0.018 0 6.87E-04
CD 0 0 0 0
Min. set 1
AB 0.123 0.5 180 0
BC 0.089 0.057 180 1.00E-05
CD 0 0 0 0
Min. set 2
AB 0.08 0.5 180 0
BC 0.214 0.028 180 1.00E-05
CD 0 0 0 0
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Table B-3: X-Shaking Forces(N)
Theta(deg) Unbalanced Classical Simplex Min. 1 Min. 2
o 398.409 434.381 234.144 193.385 291.265
10369.625 398.579 212.989· 174.325 267.78
20 323.299 341.137 179.114 143.855 230.082
30 262.031 265.601 134.728 104.057 180.464
40 189.651 177.238 83.129 58.045 122.328
50 111.204 83.031 28.703 9.975 60.183
60 32.631 -8.789 -23.375 -35.249 -0.659
70 -40.01 -89.886 -67.887 -72.694 -54.813
80 -101.67 -153.509 -100.667 -98.472 -97.899
90 -149.4 -196.097 -119.653 -110,757 -127.571
100 -182.828 -217.985 -125.335 -110.219 -143.965
110 -203.777 -222.797 -120.355 -99.628 -149.319
120 -215.286 -215.933 -108.5 -82.861 -147.007
130 -220.559 -202.97 -93.652 -63.873 -140.522
140 -222.282 -188.598 -79.078 -45.997 -13'2.803
150 -222.371 -176.226 -67.172 -31.683 -125.978
160 -222.014 -168.029 -59.473 -22.519 -121.403
170 -221.832 -165.177 -56.82 -19.374 -119.803
180 -222.014 -168.033 -59.476 -22.522 -121.405
190 -222.371 -176.232 -67.177 -31.69 -125.981
200 -222.282 -188.606 -79.086 -46.007 -132.807
210 -220.557 -202.978 -93.66 -63.884 -140.526
220 . -215.281 -215.939 -108.508 -82.872 -147.009
230 -203.768 -222.798 -120.36 -99.636 -149.318
240 -182.812 -217.978 -125.335' -110.223 -143.959
250 -149.377 -196.079 -119.646 -110.753 -127.558
260 -101.639 -153.478 -100.652 -98.461 -97.878
270 -39.971 -89.844 -67.864 -72.675 -54.785
280 32.675 -8.739 -23.347 .;35.224 -0.625
290 111.2583.085 28.734 10.002 60.219
300 189.694 177.291 83.159 58.072 122.363
310 262.069 265.649 134.756 104.082 180.495
320 323.33 341.175 179.136 143.876 230.107
330 369.646 398.605 213.005 174.339 267.798
340 398.42 434.395 234.152 193.392 291.274
350 408.168 446.535 241.332 199.866 299.237
360 398.409 434.381 234.144 193.385 291.265
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Table 8-4: Y-Shaking Forces{N)
Theta(deg) Unbalanced Classical Simplex Min. 1 Min. 2
014.257 -7.963 -14.167 -20.148 -2.566
10 28.077 -15.681 -27.9 -39.678 -5.053
20 41.044 -22.923 -40.785 -58.002 -7.386
30 52.763 -29.469 -52.431 -74.565 -9.496
40 62.88 -35.119 -62.484 -88.861 -11.316
50 .71.085 -39.702 -70.638 -100.457 -12.793
60 77.131 -43.079 -76.646 -109.002 -13.881
70 80.834 -45.146 -80.325 -114.234 -14.547
80 82.08 -45.842 -81.563 -115.995 -14.772
90 80.832 -45.146 -80.323 -114.232 -14.547
100 77.129 -43.077 -76.643 -108.998 -13.88
110 71.081 -39.7 -70.634 -100.452 -12.792
120 62.874 -35.116 -62.478 -88.854 -11.315
130 52.757 -29.465 -52.425 -74.556 -9.494
140 41.036 -22.919 -40.778 -57.992 -7.385
150 28.069 -15.677 -27.892 -39.667 -5.051
160 14.249 -7.958 -14.159 -20.137 -2.564
170 -4.10E-03 2.29E-03 4.08E-03 5.80E-03 7.39E-04
180 -14.257 7.963 14.167 20.148 2.566
190 -28.077 15.681 27.9 39.678 5.053
200 -41.044 22.923 40.785 58.002 7.386
210 -52.763 29.469 52.431 74.565 9.496
220 -62.88 35.119 62.484 88.861 11.316
230 -71.085 39.702 70.638 100.457 12.793
240 -77.131 43.079 76.646 109.002 13.881
250 -80.834 45.146 80.325 114.234 14.547
260 -82.08 45.842 81.563 115.995 14.772
270 -80.832 45.146 80.323 114.232 14.547
280 -77.129 43.077 76.643 108.998 13.88
290 -71.081 39.7 70.634 100.452 12.792
300 -62.874 35.116 62.478 88.854 11.315
310 -52.757 29.465 52.425 74.556 9.494
320· -41.036 22.919 40.778 57.992 7.385
330 -28.069 15.677 27.892 39.667 5.051
340 -14.249 7.958 14.159 20.137 2,564
350 4.10E-03 -2.29E-03 -4.08E-03 -5.80E-03 -7.39E-04
360 14.257 -7.963 -14.167 -20.148 -2.566
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Table 8-5: Shaking Moments(N*m)
Theta(deg) Unbalanced Classical Simplex Min. 1 Min. 2
o 0.175 -1.80E-04 -1.90E-02 -0.023 -0.022
10 0.351 -3.62E-04 -3.80E-02 -0.046 -0.043
20 0.531 -5.47E-04 ~5.70E-02 -0.07 -0.065
30 0.711 -7.32E-04 -7.60E-02 -0.093 -0.088
40 0.886 -9.13E-04 -9.50E-02 -0.116 -0.109
50 1.047 -1.08E-03 -1.13E~01 -0.137 -0.129
60 1.178 -1.21E-03 -0.127 -0.155 -0.145
70 1.266 -1.30E-03 -0.136 -0.166 -0.156
80 1.296 -1.34E-03 -0.139 -0.17 -0.16
90 1.266 -1.30E-03 -0.136 -0.166 -0.156
100 1.178 -1.21E-03 -0.127 -0.155 -0.145
110 1.047 -1.08E-03 -1.13E-01 -0.137 -0.129
120 0.886 -9.13E-04 -9.50E-02 -0.116 -0.109
130 0.711 -7.32E-04 -7.60E-02 -0.093 -0.088
140 0.53 -5.47E-04 -5.70E-02 -0.07 -0.065
150 0.351 -3.62E-04 -3.80E-02· -0.046 -0.043
160 0.174 -1.80E-04 -1.90E-02 -0.023 -0.022
170 -4.99E-05 5.14E-08 5.37E-06 6.55E-06 6.16E-06
180 -0.175 1.80E-04 1.90E-02 0.023 0.022
190 -0.351 3.62E-04 3.80E-02 0.046 0.043
200 -0.531 5.47E-04 5.70E-02 0.07 0.065
210 -0.711 7.32E-04 7.60E-02 0.093 0.088
220 -0.886 9.13E~04 9.50E-02 0.116 0.109
230 -1.0471.08E-03 1.13E-01 0.137 0.129
240 -1.178 1.21E-03 0.127 0.155 0.145
250 -1.266 1.30E-03 0.136 0.166 0.156
260 -1.296 1.34E-03 0.139 0.17 0.16
270 -1.266 1.30E-03 0.136 0.166 0.156
280 -1.178 1.21E-03 0.127 0.155 0.145
290 -1.047 1.08E-03 1.13E-01 0.137 0.129
300 -0.886 9.13E-04 9.50E-02 0.116 0.109
310 -0.711 7.32E-04 7.60E-02 0.093 0.088
320 -0.53 5.47E-04 5.70E-02 0.07 0.065
330 -0.351 3.62E-04 3.80E-02 0.046 0.043
340 -0.174 1.80E-04 1.90E-02 0.023 0.022
350 4.99E-05 -5.14E-08 -5.37E-06 -6.55E-06 -6.16E-06
360 0.175 -1.80E-04 -1.90E-02 -0.023 -0.022
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Appendix C
Fourbar Data
Table C-1: Mechanism Data
Mass RadialOffset Angular Offset MOl
(kg) (m)· (deg) (kg m2)
0.3 0.03 . 0 4.00E-04
0.45 0.125 15.00 6.65E-03
0.69 0.025 10.00 1.70E-03
Link Length
(m)
0.05
0.2
0.15
0.275
Table C-2: Counterweight Data
Mass Radial Offset Angular Offset MOl
Link (kg) (m) (deg) (kg m2)
Classical
AB
BC
CD
Simplex
AB
BC
CD
0.6631
o
0.15
0.317
0.04
0.701
0.028
o
0.395
0.035
0.057
0.014
168.62 3.25E-04
o 0
193.55 1.54E-04
180.00 0
32.43 1.01 E-06
0.00 1.43E-05
Min. set 1
AB 6.31 E-04 0.017 1.60 0
BC 0 4.48E-03 47.90 1.43E-04
CD 0.736 0.04 127.21 2.97E-05
Min. set 2
AB 7.98E-01 0.116 180.67 0
BC 1.25 0.02 192.93 3.03E-04
CD 0.795 0 359.00 1.02E-05
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Table C-3: X-Shaking Force(N)
Theta(deg) Classical Simplex Min. 1 Min. 2
o 22.982 534.41 500.029 28.254
10 28.885 661.216 579.99 107.905
20 31.71 741.933 625.366 170.237
30 31.324 768.3' 627.877 . 209.744
40 28.427 742.038 587.108 226.14
50 24.058 671.714 508.992 222.883
60 19.174 568.755 402.944 205.107
70 14.455 444.53 279.318 178.006
80 10.288 308.971 147.894 146.029
90 6.839 170.323 17.315 112.704
100 4.141 35.467 -104.896 80.789
110 2.174 -89.623 -212.12 52.543
120 0:917 -199.498 -298.465 29.954
130 0.387 -289.06 -358.883 14.847
140 0.655 -353.789 -389.863 8.754
150 1.814 -390.626 -391.007 12.394
160 3.887 -399.69 -367.27 24.682
170 6.71E+00 -3.86E+02 -3.30E+02 4.17E+01
180 9.885 -360.158 -294.777 56.964
190 12.986 -333.147 -272.322 63.639
200 15.752 -312.563 -264.021 57.802
210 18.114 -299.872 -262.771 39.453
220 20.022 -292.736 -259.718 11.099
230 21.328 -288.101 -249.058 -24.176
240 21.809 -283.78 -228~921 -63.712
250 21.234 -278.549 -200.18 -105.368
260 19.444 -271.602 -165.009 -147.241
270 16.415 -261.849 -125.781 -187.306
280 12.332 -247.219, -84.249 -223.078
290 7.665 -224.068 -40.868 -251.343
300 3.214 -186.891 5.725 -268.05
310 0.062 -128.745 58.844 -268.554
320 -0.651 -42.876 123.048 -248.457
330 1.855 74.248 202.212 -205.156
340 7.521 219.243 296.585 -139.765
350 1.52E+01 3.79E+02 4.00E+02 -5.84E+01
360 22.982 534.41 500.029 28.254
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Table C-4: Y-Shaking Force(N}
Theta(deg) Unbalanced Classical Simplex Min. 1 Min. 2
o 252.836 5;755 300.846 302.956 162.823
10· 343.392 4.77 354.922 429.12 151.452
20 419.858 3.631 394.489 530.565 132.798
30 486.379 2.388 426.183 607.287 112.046
40 546.102 1.093 455.133 661.788 93.536
50 599.391 -0.212 482.868 696.675 79.408
60 643.794 -1.488 507.337 713.338 69.517
70 675.09 -2.703 524.183 711.803 62.126
80 688.508 -3.83 528.199 691.221 54.739
90 679.613 -4:844 514.37 650.484 44.703
100 644.774 -5.723 478.41 588.703 29.538
110 581.359 -6.45 416.975 505.518 7.063
120 487.886 -7.011 327.835 401.356 -24.475
130 . 364.47 -7.394 210.414 277.847 -66.067
140 213.925 -7.591 67.123 138.638 -117.114
150 43.776 -7.589 -94.206 -9.317 -173.95
160 -131.562 -7.365 -257.648 -154.589 -228.227
170 -2.91 E+02 -6.89E+00 -4.00E+02 -2.82E+02 -2.67E+02
180 -414.291 -6.139 -496.503 -379.091 -278.126
190 -491.12 -5.122 -538.034 -441.139 -256.542
200 -528.323 -3.891 -533.427 -476.059 -209.506
210 -542.346 -2.525 -503.69 -497.175 -151.044
220 -548.321 -1.101 -468.288 -515.311 -94.071
230 -554.251 0.316 -438.109 -535.241 -46.174
240 -561.441 1.681 -415.902 -556.64 -9.866
250 ~567.221 2.958 -399.466 -576.327 15.511
260 -567.217 4.118 -384.342 -589.936 32.195
270 -556.635 5.137 -365.325 -592.714 43.12
280 -530.892 5.995 -337.225 -579.821 51.472
290 -486.07 6.679 -295.404 -546.507 60.376
300 -419.505 7.176 -236.497 -488.517 72.46
310 -330.66 7.478 -159.436 -402.929 89.209
320 -222.112 7.575 -66.615 -289.482 110.222
330 -100.127 7.457 35.478 -152.009 132.748
340 25.98 7.116 137.073 0.882 152.086
350 1.46E+02 6.55E+00 2.28E+02 1.57E+02 1.63E+02
360 252.836 5.755 300.846 302.956 162.823
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Table C-5: Shaking Moment(N*m)
Theta(deg) Unbalanced Classical Simplex
o 6.97 -244.443 2.21 E+01.
10 -9.603 -296.233 6.39E+00
20 -23.242 -329.564 -7.04E+00
30 -31.126 -342.274 -1.50E+01
40 -32.1 -335.793 -1.60E+01
50 -26.76 -313.864 -1.06E+01
60 -16.909 -280.971 -0.54
70 -4.854 -241.146 11.598
80 7.165 -197.384 23.388
90 17.271 -151.508 32.725
100 24.046 -104.295 37.982
110 26.518 -55.696 3.80E+01
120 24.116 -5.116 3.21E+01
130 16.687 48.1.75. 1.99E+01
140 4.637 104.33 2.08E+00
150 -10.785 161.759 -1.99E+01
160 -27.159 215.819 -4.30E+01
170 -4.10E+01 2.59E+02 -6.25E+01
180 -48.903 282.105 -7.39E+01
190 -49.265 282.839 -7.50E+01
200 -43.22 265.214 -6.74E+01
210 -33.544 238.261 -5.49E+01
220 -22.887 210.366 -4.11E+01
230 -12.818 186.393 -2.82E+01
240 -;3.878 167.845 -16.939
250 4.003 154.134 -7.171
260 11.145 143.629 1.567
270 . 17.893 134.188 9.823
280 24.481 123.331 18.039
290 30.92 108.29 2.64E+01
300 36.879 86.115 3.48E+01
310 41.58 54.014 4.24E+01
320 43.784 10.039 4.79E+01
330 42.008 ·-45.931 4.96E+01
340 35.076 -111.227 4.59E+01
350 2.29E+01 -1.80E+02 3.64E+01
360 6.97 -244.443 2.21 E+01
53
Min. 1 Min.2
19.482 32.504
12.224 13;014
5.111 -4.095
-0.155 -16.15
-2.603 -22.025
-2.238 -22.171
0.156 -18.111
3.41 -11.813
6.337 -5.206
7.958 0.067
7.605 2.726
4.928 1.826
-0.116 -3.26
-7.256 -12.809
-15.86 -26.543
-24.836 -43.237
-32.611 -60.269
-3.74E+01 -7.37E+01
-37.878 -79.489
. -34.101 -75.872
-27.443 -64.31
-19.779 -48.307
-12.527 -31.188
-6.349 -14.918
-1.327 ~0.181
2.745 13.094
6.174 25.252
9.28 36.633
12.35 47.397
15.602 57.412
19.118 66.157
22.747 72.656
26.012 75.547
28.092 73.363
28.02 65.096
2.51 E+01 5.09E+01
19.482 32.504
Table C-6: Input Torque(N*m)
Theta(deg) Unbalanced Classical Simplex Min. 1 Min. 2
o -13.9 -49.361 -1.35E+01 -14.182 -4.204
10 -14.767 -45.438 -1.45E+01 -15.031 -6.628
20 -12.323 -31.68 -1.23E+01. -12.507 -7.137
30 -7.367 -11.696 -7.66E+00 -7.428 -5.743
40 -1.323 9.587 -1.86E+00 -1.248 -3.105
50 4.405 27.881 3.70E+00 4.596 -0.104
60 8.847 40.595 8.069 9.118 2.516
70 11.554 46.855 10.799 11.862 4.313
80 12.475 46.959 11.826 12.779 5.118
90 11.775 41.746 11.297 12.037 4.946
100 9.689' 32.156 9.432 9.879 3.901
110 6.454 19.04 6.45E+00 6.548 2.128
120 2.308 3.201 2.59E+00 2.288 -0.188
130 -2.441 -14.333 -1.88E+00 -2.584 -2.774
140 -7.289 -31.847 -6.49E+00 -7.55 -5.18
150 -11.402 -46.481 -1.04E+01 -11.751 -6.719
160 -13.668 -54.356 -1.27E+01 -14.048 -6.589
170 -1.32E+01 -5.22E+01 -1.24E+01 -1.35E+01 -4.35E+00
180 -10.002 -39.981 -9.64E+00 -10.208 -0.559
190 -5.507 -22.302 ~5.58E+00 -5.563 3.219
200 -1.436 -5.33 -1.85E+00 -1.367 5.444
210 1.237 7.088 6.25E-01 1.38 5.601
220 2.559 14.539 1.90E+00 2.726 4.185
230 3.084 18.498 2.48E+00 3.243 2.05
240 3.373 20.645 2.871 3.512 -0.072
250 3.802 22.139 3.431 3.919 -1.707
260 4.545 23.517 4.309 4.645 '-2.583
270 5.609 24.787 5.506 5.7 -2.569
280 6.849, 25.512 6.868 6.936 -1.654
290 7.951 24.846 8.08E+00 8.036 0.027
300 8.44 21.631, 8.68E+00 8.518 2.137
310 7.737 14.655 8.07E+00 7.792 4.115
320 5.331 3.198 5.75E+00 5.339 5.238
330 1.08 -12.1811.58E+00 1.014 4.855
340 -4.474' -28.985 -3.93E+00 -4.63 2.731
350 -1.00E+01 -4.29E+01 -9.50E+00 -1.03E+01 -6.61 E-01
360 -13.9 -49.361 -1.35E+01 -14.182 -4.204
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